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Abstract
We construct part of the superspace vielbein and tensor gauge field in terms of the
component fields of 11-dimensional on-shell supergravity. The result can be uti-
lized to describe supermembranes and corresponding matrix models for Dirichlet
particles in nontrivial supergravity backgrounds to second order in anticommuting
coordinates. We exhibit the κ-invariance of the corresponding supermembrane
action, which at this order holds for unrestricted supergravity backgrounds, the
supersymmetry covariance and the resulting surface terms in the action.
March 1998
1 Introduction
From their very beginning supermembranes [1] have been studied in connection
with 11-dimensional supergravity [2]. In 11 spacetime dimensions the super-
membrane can consistently couple to a superspace background that satisfies a
number of constraints which are equivalent to the supergravity equations of mo-
tion. In principle the supermembrane action exists in 4, 5, 7 and 11 dimensions,
analogously to the Green-Schwarz superstring [3] which is classically consistent
in 3, 4, 6 and 10 dimensions. But interest has focused on the 11-dimensional
supermembrane in the hope of providing a quantum-mechanically consistent ex-
tension of supergravity in the highest possible spacetime dimension where local
supersymmetry can exist, just as the superstring defines such an extension for
10-dimensional supergravities. In this context it was expected that the massless
states of the supermembrane would correspond to those of 11-dimensional super-
gravity. However, unlike the superstring states, the supermembrane states turn
out to have a continuous mass spectrum [4], which makes the possible existence
of massless states much more subtle to prove or disprove [5, 6, 7]. These features
posed an obstacle to further developments in supermembrane theory.
Interest in supermembranes was rekindled by the realization that 11-dimen-
sional supergravity does have its role to play as the long-distance approximation
to M-theory [8, 9, 10, 11, 12]. This theory is the conjectured framework for
unifying all five superstring theories and 11-dimensional supergravity. It turns
out that supermembranes, M-theory and super-matrix-models are all intricately
related. This is seen, for instance, from the result that the light-cone formulation
of the supermembrane in flat backgrounds leads to a supersymmetric U(N) gauge
quantum-mechanical model in the large-N limit [5]. This model [13], now termed
‘matrix theory’, has been conjectured to capture all the degrees of freedom of M-
theory [14]. Furthermore there is evidence meanwhile that the supermembrane
has massless states [15], which will presumably correspond to the states of 11-
dimensional supergravity, although proper asymptotic states do not exist. The
existence of such states was foreseen on the basis of identifying the Kaluza-Klein
states of M-theory compactified on S1 with the Dirichlet particles and their bound
states in type-IIA string theory.
From this viewpoint it is a natural question to consider the supermembrane
in curved backgrounds associated with 11-dimensional supergravity, which is the
subject of this paper. Such backgrounds consist of a nontrivial metric, a three-
index gauge field and a gravitino field. This provides us with an action that
transforms as a scalar under the combined (local) supersymmetry transforma-
tions of the background fields and the supermembrane embedding coordinates.
Here it is important to realize that the supersymmetry transformations of the
embedding coordinates will themselves depend on the background. When the
background is supersymmetric, then the action will be supersymmetric as well.
In the light-cone formulation this model will lead to models invariant under area-
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preserving diffeomorphisms, which in certain situations can be approximated by
matrix models in curved backgrounds. The area-preserving diffeomorphisms are
then replaced by a finite group, such as U(N), but target-space diffeomorphisms
are no longer manifestly realized. Matrix models in curved space have already
been studied in [16]. Recently toroidal compactifications of matrix theory were
considered in which the three-form gauge field of 11-dimensional gravity plays
a crucial role [17]. These compactifications exhibit interesting features in which
the noncommutative torus appears as a new solution to compactified matrix the-
ory. The bosonic coupling of the membrane to the three-form gauge field will
be discussed in this paper. A summary of this part of our results was presented
earlier in [18]. We should also point out that classical supermembrane solutions
in nontrivial backgrounds have been discussed before, see, e.g. [19].
The approach followed in this paper for constructing the supermembrane ac-
tion is in principle straightforward and starts from the superspace formulation
presented in [1]. The background is then characterized by the superspace viel-
bein and antisymmetric tensor field. For practical calculations we like to have
a formulation in terms of the on-shell supergravity fields. Therefore, we need
to cast the component fields into superspace, which can be done by a method
sometimes referred to as ‘gauge completion’ [20, 21, 22, 23]. For 11-dimensional
supergravity the first steps of this procedure have been carried out long ago [24],
but unfortunately only to first order in anticommuting coordinates θ. While this
suffices to identify the on-shell formulation of supergravity in superspace (see
also ref. [25]), it is not sufficient for studying supermembrane interactions with
the background. In this paper we therefore extend the analysis to higher order
in θ and are thus able to write down the supermembrane action in a nontrivial
on-shell supergravity background up to second order in θ.
At that point there is an important consistency check, namely that the action
is invariant under an additional local fermionic κ-symmetry. As alluded to above,
this invariance holds provided the background fields obey the equations of motion
of 11-dimensional supergravity [1]. However, at second order in θ this restriction
is not yet required and our results are shown to preserve the invariance. In this
paper we concentrate on the superspace features and we will be brief on the
light-cone formulation of the supermembrane in the supergravity background.
We intend to return to a full discussion of the latter in a forthcoming publication
[26].
We have organized our paper as follows. In section 2 our supergravity nota-
tions and conventions are established and as a test case the light-cone formulation
of the bosonic membrane in curved backgrounds is studied. In section 3 we set the
stage for an iterative computation of the component-field content of the super-
fields and superparameters in θ, which is then taken to second order in section
4. All results obtained in sections 3 and 4 are collected in subsection 4.3. In
section 5 we turn to the explicit form of the supermembrane action coupled to
background fields up to second order in θ and prove its κ-symmetry. We also
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verify the manifest covariance under supersymmetry, which is only a consistency
check, and determine the surface terms that follow from κ-symmetry and super-
symmetry. Finally, we discuss possible implications and applications of our result
in section 6.
2 Preliminaries
In this paper we consider superspace backgrounds that correspond to 11-dimen-
sional supergravity. The use of certain standard conventions for the superme-
mbrane will force us to employ specific and somewhat unconventional normal-
izations for the supergravity component fields. The first subsection is therefore
devoted to a brief summary of 11-dimensional supergravity and will establish
our notation. In the second subsection we review the supermembrane theory
in superspace and indicate the effects of a nontrivial background in its bosonic
truncation.
2.1 Supergravity in 11 dimensions
Supergravity in 11 spacetime dimensions is based on an “elfbein” field eµ
r, a
Majorana gravitino field ψµ and a 3-rank antisymmetric gauge field Cµνρ. Its
Lagrangian1 can be written as follows [2],
L = −1
2
eR(e, ω)− 2e ψ¯µΓµνρDν [12(ω + ωˆ)]ψρ − 196e (Fµνρσ)2
− 1
2·124
εµ1···µ11 Fµ1µ2µ3µ4 Fµ5µ6µ7µ8 Cµ9µ10µ11
− 1
96
e
(
ψ¯λΓ
µνρσλτψτ + 12 ψ¯
µΓνρψσ
)
(F + Fˆ )µνρσ , (2.1)
where e = det eµ
r, ωµ
rs denotes the spin connection and Fµνρσ the field strength of
the antisymmetric tensor. The caret denotes that they have been made covariant
with respect to local supersymmetry. We present the corresponding definitions
in a sequel. The derivative Dµ(ω) is covariant with respect to local Lorentz
transformations,
Dµ(ω) ǫ =
(
∂µ − 14ωµrsΓrs
)
ǫ . (2.2)
The supersymmetry transformations are equal to
δeµ
r = 2 ǫ¯Γrψµ ,
δψµ = Dµ(ωˆ)ǫ+ Tµ
νρσκǫ Fˆνρσκ ,
δCµνρ = −6 ǫ¯Γ[µνψρ] . (2.3)
1Gamma matrices satisfy {Γr,Γs} = 2ηrs, where ηrsis the tangent-space metric ηrs =
diag(−,+, · · · ,+). Gamma matrices with multiple indices denote antisymetrized products
with unit strength. In particular Γµ1µ2···µ11 = 1 εµ1µ2···µ11 . The Dirac conjugate is defined
by ψ¯ = iψ†Γ0 for a generic spinor ψ.
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with
Tµ
νρσκ = 1
288
(
Γµ
νρσκ − 8 δ[νµ Γρσκ]
)
. (2.4)
Note that Fˆµνρσ is the supercovariant field strength,
Fˆµνρσ = 4 ∂[µCνρσ] + 12 ψ¯[µΓνρψσ] , (2.5)
and that the supercovariant spin connection ωˆrsµ is the solution of the following
equation,
D[µ(ωˆ) e
r
ν] − ψ¯µΓrψν = 0 . (2.6)
The left-hand side of this equation is the supercovariant torsion tensor.
The Lagrangian (2.1) is derived in the context of the so-called “1.5-order”
formalism, in which the spin connection is defined as a dependent field determined
by its (algebraic) equation of motion, whereas its supersymmetry variation in the
action is treated as if it were an independent field [27]. Furthermore we note the
presence of a Chern-Simons-like term F ∧F ∧C in the Lagrangian. Under tensor
gauge transformations,
δCCµνρ = 3 ∂[µξνρ] , (2.7)
the corresponding action is thus only invariant up to surface terms.
We have the following bosonic field equations and Bianchi identities,
Rµν =
1
144
gµν FρσλτF
ρσλτ − 1
12
Fµρσλ Fν
ρσλ ,
∂µ
(
e F µνρσ
)
= 1
1152
ενρσµ1...µ8Fµ1µ2µ3µ4 Fµ5µ6µ7µ8 ,
∂[µFνρσλ] = 0 , (2.8)
which no longer depend explicitly on the antisymmetric gauge field. An alterna-
tive form of the second equation is [28]
∂[µ1Hµ2...µ8] = 0 , (2.9)
where Hµ1...µ7 is the dual field strength,
Hµ1...µ7 =
1
7!
e εµ1...µ11F
µ8µ9µ10µ11 − 1
12
F[µ1µ2µ3µ4 Cµ5µ6µ7] . (2.10)
When the third equation of (2.8) and (2.9) receive contributions from certain
source terms on the right-hand side, then the corresponding charges can be as-
sociated with the ‘flux’-integral of Hµ1...µ7 and Fµ1µ2µ3µ4 over the boundary of an
8- and a 5-dimensional spatial volume, respectively. This volume is transverse
to a p = 2 and p = 5 brane configuration, and the corresponding charges are
2- and 5-rank Lorentz tensors. For solutions of 11-dimensional supergravity that
contribute to these charges, see e.g. [29, 30, 31, 12].
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It is straightforward to evaluate the supersymmetry algebra on these fields.
The commutator of two supersymmetry transformations yields a general-coordi-
nate transformation, a supersymmetry transformation, a local Lorentz transfor-
mation, and a gauge transformation associated with the tensor gauge field,
[δ(ǫ1), δ(ǫ2)] = δgct(ξ
µ) + δ(ǫ3) + δL(λ
rs) + δC(ξµν) . (2.11)
The parameters of the transformations on the right-hand side are given by
ξµ = 2 ǫ¯2Γ
µǫ1 ,
ǫ3 = −ξµψµ ,
λrs = −ξµ ωˆµrs + 172 ǫ¯2
[
ΓrsµνρσFˆµνρσ + 24ΓµνFˆ
rsµν
]
ǫ1 ,
ξµν = −ξρCρµν − 2 ǫ¯2Γµνǫ1 . (2.12)
2.2 Membranes in background fields
The 11-dimensional supermembrane [1] is written in terms of superspace em-
bedding coordinates ZM(ζ) = (Xµ(ζ), θα(ζ)), which are functions of the three
world-volume coordinates ζ i (i = 0, 1, 2). It couples to the superspace geome-
try of 11-dimensional supergravity, encoded by the supervielbein EM
A and the
antisymmetric tensor gauge superfield BMNP , through the action
2
S[Z(ζ)] =
∫
d3ζ
[
−
√
−g(Z(ζ))− 1
6
εijk ΠAi Π
B
j Π
C
k BCBA(Z(ζ))
]
, (2.13)
where ΠAi = ∂Z
M/∂ζ i EM
A is the pull-back of the supervielbein to the membrane
worldvolume. Here the induced metric equals gij = Π
r
iΠ
s
j ηrs, with ηrs being the
constant Lorentz-invariant metric. This action is invariant under local fermionic κ
transformations [1], given that certain constraints on the background fields hold,
which are equivalent to the equations of motion of 11-dimensional supergravity
(2.8).
Flat superspace is characterized by
Eµ
r = δµ
r , Eµ
a = 0 ,
Eα
a = δα
a , Eα
r = −(θ¯Γr)α ,
Bµνα = (θ¯Γµν)α , Bµαβ = (θ¯Γµν)(α (θ¯Γ
ν)β) ,
Bαβγ = (θ¯Γµν)(α (θ¯Γ
µ)β (θ¯Γ
ν)γ) , Bµνρ = 0 . (2.14)
These quantities receive corrections in the presence of supergravity background
fields eµ
r, ψaµ and Cµνρ, and it is the aim of this paper to determine some of these
corrections to second order in θ.
2Our notation and conventions are as follows. Tangent-space indices are A = (r, a), whereas
curved indices are denoted by M = (µ, α). Here r, µ refer to commuting and a, α to anticom-
muting coordinates. Moreover we take ǫ012 = −ǫ012 = 1.
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In flat superspace the supermembrane Lagrangian, written in components,
reads,
L = −
√
−g(X, θ)
−εijk θΓµν∂kθ
[
1
2
∂iX
µ(∂jX
ν + θΓν∂jθ) +
1
6
θΓµ∂iθ θΓ
ν∂jθ
]
, (2.15)
To elucidate the generic effects of nontrivial backgrounds for membrane the-
ories, let us confine ourselves for the moment to the purely bosonic theory and
present the light-cone formulation of the membrane in a background consisting
of the metric Gµν and the tensor gauge field Cµνρ. The Lagrangian density for
the bosonic membrane follows directly from (2.13),
L = −√−g − 1
6
εijk∂iX
µ ∂jX
ν ∂kX
ρCρνµ , (2.16)
where gij = ∂iX
µ ∂jX
ν ηµν . In the light-cone formulation, the coordinates are
decomposed in the usual fashion as (X+, X−, Xa) with a = 1 . . . 9. Furthermore
we use the diffeomorphisms in the target space to bring the metric in a convenient
form [32],
G−− = Ga− = 0 . (2.17)
Subsequently we identify the time coordinate of the target space with the world-
volume time, by imposing the condition X+ = τ . Moreover we denote the
spacesheet coordinates of the membrane by σr, r = 1, 2. Following the same
steps as for the membrane in flat space [5], one arrives at a Hamiltonian formu-
lation of the theory in terms of coordinates and momenta. These phase-space
variables are subject to a constraint, which takes the same form as for the mem-
brane theory in flat space, namely,
φr = Pa ∂rX
a + P− ∂rX
− ≈ 0 . (2.18)
Of course, the definition of the momenta in terms of the coordinates and their
derivatives does involve the background fields, but at the end all explicit depen-
dence on the background cancels out.
The Hamiltonian now follows straightforwardly. As it turns out, the back-
ground tensor field appears in the combinations
Ca = −εrs∂rX−∂sXbC−ab + 12εrs∂rXb∂sXcCabc ,
C± =
1
2
εrs∂rX
a∂sX
bC±ab ,
C+− = ε
rs∂rX
−∂sX
aC+−a . (2.19)
With these definitions the total Hamiltonian takes the form
H =
∫
d2σ
{
G+−
P− − C−
[
1
2
(
Pa − Ca − P− − C−
G+−
Ga+
)2
+ 1
4
(εrs ∂rX
a ∂sX
b)2
]
−P− − C−
2G+−
G++ − C+ − C+− + crφr
}
. (2.20)
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where we have included the Lagrange multiplier cr coupling to the constraint
(2.18). Observe that transverse indices are contracted with the metric Gab or its
inverse.
The gauge choice X+ = τ still allows for τ -dependent reparametrizations
of the world-space coordinates σr, which in turn induce transformations on the
Lagrange multiplier cr through the Hamilton equations of motion. In addition
there remains the freedom of performing tensor gauge transformations of the
target-space three-form Cµνρ. In order to rewrite (2.20) in terms of a gauge theory
of area-preserving diffeomorphisms it is desirable to obtain a Hamiltonian which is
polynomial in momenta and coordinates. For this the dynamics of P−−C− needs
to become trivial, i.e. ∂τ (P−−C−) = 0, allowing us to set it equal to some space-
sheet density
√
w(σ). The residual invariance group is then constituted by the
area-preserving diffeomorphisms that leave
√
w invariant. The τ -independence
of P− − C− can be achieved by firstly assuming that the background fields are
X±-independent. Secondly one uses the tensor gauge transformations to set C−ab
equal to a constant antisymmetric matrix. One then has
∂τ (P− − C−) ≈ ∂r
[
−εrs∂sXaC+−a + (P− − C−) cr
]
. (2.21)
We now choose a gauge such that the right-hand side of this equation vanishes.
In that case the total Hamiltonian takes the following form,
H =
∫
d2σ
{
G+−
P− − C−
[
1
2
(
Pa − Ca − P− − C−
G+−
Ga+
)2
+ 1
4
(εrs ∂rX
a ∂sX
b)2
]
−P− − C−
2G+−
G++ − C+
+
1
P− − C−
[
εrs∂rX
a∂sX
b PaC+−b + C−C+−
]}
, (2.22)
where P− − C− ∝
√
w and C−ab constant.
At this point one can impose further gauge choices and set G+− = 1 and
C+−a = 0. Taking also C−ab = 0 the corresponding Hamiltonian was recast in
Lagrangian form in [18] in terms of a gauge theory of area-preserving diffeomor-
phisms. With both C+−a and C−ab different from zero, one can go through the
same procedure. As alluded to in the first reference of [17], the Lagrangian then
depends explicitly on X−, a feature that we have already exhibited earlier for
the winding membrane [33]. However, in the case at hand, the X−-dependence
is rather nontrivial and clearly this is an issue that deserves more study.
With a reformulation of the membrane in background fields as a gauge theory
of area-preserving diffeomorphisms at one’s disposal, one may consider its regu-
larization through a matrix model by truncating the mode expansion for coordi-
nates and momenta in the standard fashion [34, 5]. This leads to a replacement of
Poisson brackets by commutators, integrals by traces and products of commuting
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fields by symmetrized products of the corresponding matrices. At that point the
original target-space covariance is affected, as the matrix reparametrizations in
terms of symmetrized products of matrices do not possess a consistent multiplica-
tion structure3; this is just one of the underlying difficulties in the construction of
matrix models in curved space [16]. Recently the antisymmetric constant matrix
C−ab was conjectured to play a role for the matrix model compactification on a
noncommutative torus [17]. It should be interesting to see what the role is of
(2.22) in this context. We intend to return to these issues in more detail in a
future publication [26].
3 Superspace representation
In this section we introduce the method for constructing superspace backgrounds
expressed in terms of the component fields of 11-dimensional supergravity. Be-
sides this we evaluate the quantities of interest in low orders of the anticom-
muting coordinates θ. The superspace coordinates ZM are given by ZM =
(xµ, θα). The superspace geometry is encoded in the supervielbein EM
A and
a spin-connection field ΩM
AB. In what follows we will not pay much attention to
the spin-connection, which is not an independent field. Furthermore we have an
antisymmetric tensor gauge field BMNP , subject to tensor gauge transformations,
δBMNP = 3 ∂[MΞNP ] . (3.1)
Unless stated otherwise the derivatives with respect to θ are always left deriva-
tives. We remind the reader that ‘antisymmetric’ tensors in superspace satisfy
the symmetry properties induced by those of superdifferentials, i.e. dZM∧dZN =
(−)1+MN dZN ∧ dZM .
Under superspace diffeomorphisms corresponding to ZM → ZM+ΞM(Z), the
super-vielbein and tensor gauge field transform as
δEM
A = ΞN∂NEM
A + ∂MΞ
NEN
A ,
δBMNP = Ξ
Q∂QBMNP + 3 ∂[MΞ
QB|Q|NP ] . (3.2)
Tangent-frame rotations are Z-dependent Lorentz transformations that act on
the vielbein according to
δEM
A = 1
2
(ΛrsLrs)
A
B EM
B , (3.3)
where the Lorentz generators Lrs are defined by
1
2
(ΛrsLrs)
t
u = Λ
t
u ,
1
2
(ΛrsLrs)
a
b =
1
4
Λrs(Γrs)
a
b . (3.4)
3We thank J. de Boer for explaining this to us.
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We will not be dealing with an unrestricted superspace but one that is subject
to certain constraints and gauge conditions. Furthermore, we will not describe
an off-shell situation as all superfields will be expressed entirely in terms of the
three component fields of on-shell 11-dimensional supergravity, the elfbein eµ
r,
the antisymmetric tensor gauge field Cµνρ and the gravitino field ψµ. As a re-
sult of these restrictions the residual symmetry transformations are confined to
11-dimensional diffeomorphisms with parameters ξµ(x), local Lorentz transfor-
mations with parameters λrs(x), tensor-gauge transformations with parameters
ξµν(x) and local supersymmetry transformations with parameters ǫ(x). The pur-
pose of this paper is to derive how the superfields are parametrized in terms
of the component fields. To do this it is necessary to also determine the form
of the superspace transformation parameters, ΞM , Λrs and ΞMN , that generate
the supersymmetry transformations. Here it is important to realize that we are
dealing with a gauge-fixed situation. For that reason the superspace parameters
depend on both the x-dependent component parameters defined above as well as
on the component fields. This has two consequences. First of all, local super-
symmetry transformations reside in the superspace diffeomorphisms, the Lorentz
transformations and the tensor gauge transformations, as ΞM , Λrs and ΞMN are
all expected to contain ǫ-dependent terms. Thus, when considering supersym-
metry variations of the various fields, one must in principle include each of the
three possible superspace transformations. Secondly, when considering the su-
persymmetry algebra, it is crucial to also take into account the variations of the
component fields on which the parameters ΞM , Λrs and ΞMN will depend.
In this section we present the formalism and derive the expressions for the
various superfields in terms of component fields in low orders of θ. This will set
the stage for the evaluation of the terms of higher order in θ, which is the subject
of the next section, and it will allow us to establish the precise correspondence
with the flat superspace conventions used for the supermembrane action in the
previous subsection. The method of casting component results into superspace
has a long history and is sometimes called ‘gauge completion’. For results in 4
spacetime dimensions we refer the reader to [22, 23], while results in 11 dimensions
in low orders of θ were presented in [24].
There are two, somewhat complimentary, ways to obtain information on the
embedding of component fields in superspace geometry. One is to consider the
algebra of the supersymmetry transformations as generated by the superspace
transformations and to adjust it to the supersymmetry algebra of the component
fields. This determines the superspace transformation parameters. The other is
to compare the transformation rules for the superfields with the known trans-
formations of the component fields. This leads to a parametrization of both the
superfields and the transformation parameters in terms of the component fields
and parameters. The evaluation proceeds order-by-order in the θ-coordinates, but
at each level one encounters ambiguities which can be fixed by suitable higher-
order coordinate redefinitions and gauge choices. The first step in this iterative
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procedure is the identification at zeroth-order in θ of some of the component fields
and transformation parameters with corresponding components of the superfield
quantities. The underlying assumption is that this identification can always be
implemented by choosing an appropriate gauge. An obvious identification is given
by [20, 21, 22, 23, 24],
Eµ
r(x, θ = 0) = eµ
r(x) ,
Eµ
a(x, θ = 0) = ψµ
a(x) ,
Bµνρ(x, θ = 0) = Cµνρ(x) ,
Ξµ(x, θ = 0) = ξµ(x) ,
Ξα(x, θ = 0) = ǫα(x) ,
Λrs(x, θ = 0) = λrs(x) ,
Ξµν(x, θ = 0) = ξµν(x) . (3.5)
As explained above, the component supersymmetry transformations with pa-
rameters ǫ(x) are generated by a linear combination of a superspace diffeomor-
phism, a local Lorentz and a tensor gauge transformation; their corresponding
parameters will be denoted by ΞM(ǫ), Λrs(ǫ) and ΞMN (ǫ), respectively. Given
the embedding of the component fields into the superfields, application of these
specific superspace transformations should produce the very same transforma-
tion rules that were defined directly at the component level. The structure of the
commutator algebra of unrestricted infinitesimal superspace transformations is
obvious. Two diffeomorphisms yield another diffeomorphism, two Lorentz trans-
formations yield another Lorentz transformation, according to the Lorentz group
structure, while two tensor transformations commute. On the other hand, a
diffeomorphism and a local Lorentz transformation yield another Lorentz trans-
formation, and a diffeomorphism and a tensor gauge transformation yield another
gauge transformation. All other combinations commute.
The algebra for the restricted superspace transformations that generate the
component transformations should coincide with the algebra derived directly for
the component fields. However, we must take into account here that the super-
space transformation parameters themselves depend on the component fields. To
show the effect of this let us restrict ourselves to the diffeomorphism component of
the supersymmetry transformation and consider the transformation of a generic
scalar superfield,
δ(ǫ)Φ = ΞM(ǫ) ∂MΦ . (3.6)
Closure of supersymmetry now implies
δ(ǫ1, ǫ2) Φ = [δ(ǫ1), δ(ǫ2)] Φ = Ξ
M(ǫ1, ǫ2) ∂MΦ , (3.7)
with
ΞM(ǫ1, ǫ2) = Ξ
N(ǫ2) ∂NΞ
M(ǫ1) + δ(ǫ1) Ξ
M(ǫ2)− (1↔ 2) . (3.8)
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Here the variation δ(ǫ1, ǫ2) represents the component result (2.12) of the super-
symmetry commutator and ΞM(ǫ1, ǫ2) represents the part of the resulting com-
ponent transformations that are generated by superspace diffeomorphisms. Note
that we are justified in restricting ourselves to the superspace diffeomorphisms,
because they are the only ones that lead to a superspace diffeomorphism upon
commutation. We will consider the other superspace transformations later. At
zeroth-order in θ we compare the expression for ΞM(ǫ1, ǫ2) to the result of the
component supersymmetry algebra, taking into account the conditions (3.5). As
it turns out, this leads to the following result,
Ξµ(ǫ) = θ¯ Γµǫ+
∑
n=0,3,4
θ¯ Γr1···rnǫHµr1···rn +O(θ2) ,
Ξα(ǫ) = ǫα − θ¯ Γµǫ ψαµ +
∑
n=0,3,4
θ¯ Γr1···rnǫHαr1···rn +O(θ2) , (3.9)
where the HMr1···rn are undetermined θ-independent quantities.
Subsequently one compares the supersymmetry variations at θ = 0 of the
supervielbein components to their variation under a diffeomorphism given by
ΞM(ǫ). In principle one has to allow for a local Lorentz transformation here,
but for θ = 0 it vanishes. The comparison results in the following values for the
supervielbein components,
Eµ
r = eµ
r + 2 θ¯ Γrψµ +O(θ2) ,
Eµ
a = ψµ
a − 1
4
ωˆrsµ (Γrsθ)
a + (Tµ
νρσλθ)a Fˆνρσλ +O(θ2) ,
Eα
r = −(θ¯ Γr)α +
∑
n=0,3,4
(θ¯ Γr1···rn)αHrr1···rn +O(θ2) ,
Eα
a = δaα +
∑
n=0,3,4
(θ¯ Γr1···rn)αHar1···rn +O(θ2) . (3.10)
Let us briefly discuss these results. First of all we are dealing with an am-
biguity in the iterative procedure reflected in the presence of the θ-independent
quantities HMr1···rn . However, it turns out that this ambiguity can be absorbed
into the definition of the superspace coordinates, according to
ZM → ZM + 1
2
∑
n=0,3,4
θ¯ Γr1···rnθHMr1···rn . (3.11)
Hence we may set HMr1···rn = 0 in what follows. In that case our results for the
vielbein agree with the flat-space expressions (2.14) employed for the supermem-
brane in the previous section (and corresponding to ωˆrsµ = Fˆµνρσ = ψµ = 0 and
eµ
r = δrµ).
Furthermore, the fact that Eα
a = δaα in this order implies that the local
Lorentz transformation will be accompanied henceforth by a corresponding dif-
feomorphism given by
Ξα(λ) = −1
4
λrs(Γrsθ)
α . (3.12)
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This term ensures that the various superspace components take a covariant
form with respect to the local Lorentz transformations parametrized by λrs.
In due course (3.12) will also arise at higher orders in θ in the gauge comple-
tion procedure, as the supersymmetry commutator contains a field-dependent
Lorentz transformation. A corresponding phenomenon does not occur for the 11-
dimensional diffeomorphisms and the tensor gauge transformations parametrized
by ξµ and ξµν , which do not entangle with other superspace components. This
is so because the initial conditions (3.5) are fully covariant with respect to these
transformations.
Before continuing we note that the components of ΞA = ΞM EM
A remain
field-independent. One expects that these tangent-space expressions will be su-
percovariant, so that the gravitino or the spin-connection fields cannot appear
explicitly (for a discussion of this property, see [21, 23]). The field-independent
values for these expressions are given by
ΞM EM
r = 2 θ¯ Γrǫ(x) , ΞM EM
a = ǫa(x) . (3.13)
The above result can be regarded to some extent as a gauge condition. To see
this, one may verify that (in this order of θ) it implies that the ambiguities
encoded in Hrr1···rn vanish. In the next section we will confirm the validity of
the first of these relations to order θ2. The second relation, however, will receive
contributions proportional to Fˆrstu (written with flat indices). We will refrain
from calculating these terms as they are not directly relevant for the purpose of
this paper.
Let us now turn to the tensor field. The supersymmetry commutator for
the component fields gives rise to a field-dependent tensor gauge transformation.
Such a gauge transformation can arise because the tensor field is subject to both
superspace diffeomorphisms and tensor gauge transformations. The commutator
of a diffeomorphism and a tensor gauge transformation gives again a tensor gauge
transformation and this leads to the component result. Hence the result (3.8) is
incomplete for the tensor field and there is an extra tensor transformation given
by
ΞMN(ǫ1, ǫ2) = Ξ
P (ǫ2) ∂PΞMN(ǫ1) + 2 ∂[MΞ
P (ǫ2) Ξ|P |N ](ǫ1) + δ(ǫ1)ΞMN(ǫ2)
−(1↔ 2) . (3.14)
Before evaluating this equation we first note that the transformation parameters
ΞMN are only defined up to terms of the form ∂[MΛN ]. We can use this feature
to set all ΞMN(x, θ = 0) other than Ξµν(x, θ = 0) to zero (for this one chooses
the ΛM linear in θ). With this simplification we compare (3.14) at θ = 0 to the
tensor component in the supersymmetry algebra (2.3) and we find
Ξµν(ǫ) = ǫ¯(Cµνρ Γ
ρ + Γµν)θ +
∑
n=0,3,4
ǫ¯Γr1···rnθHµν r1···rn +O(θ2) ,
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Ξµα(ǫ) =
∑
n=0,3,4
ǫ¯Γr1···rnθHµα r1···rn +O(θ2) ,
Ξαβ(ǫ) =
∑
n=0,3,4
ǫ¯Γr1···rnθHαβ r1···rn +O(θ2) . (3.15)
Again there are undetermined terms characterized by θ-independent quantities
HMN r1···rn .
With this result we consider the variations of BMNP under a combined super-
space diffeomorphism and tensor gauge transformation. However, first we note
that we can set all the components of BMNP (x, θ = 0), with the exception of
Bµνρ(x, θ = 0), to zero by suitable gauge transformations with parameters linear
in θ. We then establish the following results,
Bµνρ = Cµνρ − 6 θ¯Γ[µνψρ] +O(θ2) ,
Bµνα = (θ¯ Γµν)α +
∑
n=0,3,4
(θ¯ Γr1···rn)αHµν r1···rn +O(θ2) ,
Bµαβ = 2
∑
n=0,3,4
(θ¯ Γr1···rn)(αHβ)µ r1···rn +O(θ2) ,
Bαβγ = 3
∑
n=0,3,4
(¯θ Γr1···rn)(αHβγ) r1···rn +O(θ2) . (3.16)
Subsequently we note that all the ambiguous terms proportional to HMN r1···rn
can be removed by a gauge transformation with parameters proportional to θ2
and equal to
ΞMN = −12
∑
n=0,3,4
θ¯ Γr1···rnθHMN r1···rn . (3.17)
Hence we drop these terms here so that also the results pertaining to the tensor
field agree with the flat-space values (2.14) used in the previous section.
4 Higher-order contributions
So far our results are in agreement with those of [24]. In this section we deter-
mine the higher-order contributions and go beyond the results reported in the
literature. In higher orders a number of new features enters, which did not play a
role in the previous section. First of all the Lorentz transformations acting on the
vielbein will now become relevant as well as the supersymmetry variation of the
fields in the transformation parameters when evaluating the supersymmetry com-
mutators. The reason why the Lorentz transformations did not enter earlier is
related to the fact that we did not consider the components of the superspace spin
connection. The ambiguities noted in the previous section will persist, but we will
no longer exhibit their explicit form in order to keep our expressions tractable.
Nevertheless, we have convinced ourselves that they can be gauged away in the
same fashion as before. The presence of higher-order spinor terms unavoidably
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leads to the need of Fierz reorderings, which tend to be rather cumbersome in 11
dimensions. However, in all cases we could avoid explicit reorderings by making
use of the well-known identity, which holds in 4, 5, 7 and 11 spacetime dimensions,
ψ¯[1Γ
νψ2 ψ¯3Γµνψ4] = 0 . (4.1)
Below we start by deriving the higher-order expressions for the vielbein and,
in a second subsection, for the tensor field. We will not always, as before, com-
pletely exploit the supersymmetry commutator, but sometimes move directly to
the field variations and confront their form with that induced by a superspace
diffeomorphism combined with a Lorentz or with a tensor gauge transformation.
In a third subsection we present a summary of all the terms obtained.
4.1 The vielbein at order θ2
We start with (3.8) forM = µ at order θ, where we now must take into account the
transformation of the component fields appearing in the superspace parameters.
Using the lower-order results obtained previously and the value for ǫ3 given in
(2.12), one can integrate the equation and obtains
Ξµ(ǫ)
∣∣∣
θ2
= −θ¯ Γνǫ θ¯ Γµψν . (4.2)
This result is not unique and defined up up to an expression
Hµαβγ ǫα θβθγ , (4.3)
with H a tensor antisymmetric in [αβγ]. The procedure for fixing these ambigu-
ities is the same as the one used in the previous section.
The M = α component of (3.8) proceeds in the same way, except that now
also the Lorentz transformation in (2.12) enters (not through a tangent-space
rotation, but through the diffeomorphism (3.12)),
Ξα(ǫ)
∣∣∣
θ2
= θ¯ Γνǫ θ¯ Γµψν ψµ
α + 1
4
θ¯ Γνǫ ωˆrsν (Γrsθ)
α + ǫβ Nβ
α . (4.4)
Here we also used the condition of vanishing super-torsion (2.6). The quantity
Nβ
α denotes terms proportional to Fˆ θ2, which are much harder to integrate.
They are controlled by the equation
ǫβ2 ∂βNγ
α ǫγ1 − θ¯ Γµǫ2(Tµ νρσλǫ1)α Fˆνρσλ − (1↔ 2) =
− 1
288
(Γrsθ)
α ǫ¯2(Γ
rs
νρσλ + 24 δ
r
νδ
s
ρΓσλ)ǫ1 Fˆ
νρσλ . (4.5)
Leaving these terms aside for the moment, we continue with the vielbein
transformations. The knowledge of the θ2-terms in Ξµ (c.f. (4.2)) suffices to
evaluate the possible contributions to Eα
r. The local Lorentz transformations do
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not contribute at this order in θ and one finds that all contributions cancel. This
enables one to set (up to ambiguities)
Eα
r
∣∣∣
θ2
= 0 . (4.6)
Subsequently one considers Eµ
r and obtains
Eµ
r
∣∣∣
θ2
= θ¯ Γr
[
− 1
4
ωˆµ
stΓst + Tµ
νρσλ Fˆνρσλ
]
θ . (4.7)
In order to reconcile the variations with a superspace diffeomorphism, we had to
include a tangent-space transformation defined by
Λrs(ǫ) = ǫ¯Γµθ ωˆrsµ +
1
144
θ¯(ΓrsµνρσFˆµνρσ + 24ΓµνFˆ
rsµν)ǫ+O(θ2) . (4.8)
At this point we can verify that ΞM EM
r remains field-independent and given by
the first equation of (3.13) up to terms of order θ3. As we already mentioned the
second equation of (3.13) will acquire terms proportional to Fˆrstu. As it turns
out the vielbein component Eα
a is only modified by Fˆ θ2-terms. Denoting these
by Mα
a, they are subject to the following condition,
ǫβ∂βMα
a − ǫβ ∂αNβγ δaγ = (4.9)
−
[
(ǫ¯Γµ)α(Tµ
νρσλθ)a + 1
576
θ¯(Γrsνρσλ + 24 δrνδ
s
ρΓσλ)ǫ (Γrs)
a
α
]
Fˆνρσλ .
However, neither the explicit form of these Fˆ θ2-corrections, nor the θ2-contrib-
utions to the supervielbein Eµ
a, are very relevant from the membrane point of
view, as they do not appear in the supermembrane action (2.13), which depends
only on εijkΠAi Π
B
j Π
C
k BCBA = ε
ijk ∂iZ
M∂jZ
N∂kZ
P BPNM and gij = Π
r
i Π
s
j ηrs.
Therefore we refrained from determining their explicit form at this order of θ.
4.2 The tensor field at order θ2
A brief perusal of the algebra involving the tensor gauge transformations based on
(3.14) reveals the possible presence of (θ2ǫ)- and (C θ2ǫ)-terms in Ξµα and (θ
2ǫ ψ)-
and (C θ2ǫ ψ)-terms in Ξµν . On the other hand no contributions are indicated
for Ξαβ. However, we did not attempt to work out the tensor gauge parameters
from the algebra, but instead proceeded directly to the variations of the tensor
fields. From the variations of Bαβγ one finds
Ξαβ(ǫ)
∣∣∣
θ2
= Bαβγ
∣∣∣
θ2
= 0 , (4.10)
up to tensor gauge transformations.
Subsequently one considers the variations to Bµαβ . These lead to the gauge
parameter
Ξµα(ǫ)
∣∣∣
θ2
= 1
6
θ¯ Γνǫ (θ¯ Γµν)α +
1
6
(θ Γν)α θ¯ Γµνǫ , (4.11)
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and the gauge field components
Bµαβ
∣∣∣
θ2
= (θ¯ Γµν)(α (θ¯ Γ
ν)β) . (4.12)
In obtaining this result we reordered the fermions by making use of (4.1). Again
these results are not unique and can be changed by a subsequent tensor gauge
transformation with parameters proportional to θ3. In this gauge the expression
for Bµνα agrees with the flat-space result (2.14).
The variations of Bµνα proceed in a similar way and we find
Ξµν(ǫ)
∣∣∣
θ2
= θ¯ Γρǫ θ¯(Cµνσ Γ
σ + Γµν)ψρ +
4
3
θ¯ Γρψ[µ θ¯ Γν]ρǫ+
4
3
θ¯ Γρǫ θ¯ Γρ[µψν] ,
Bµνα
∣∣∣
θ2
= −8
3
θ¯ Γρψ[µ (θ¯ Γν]ρ)α +
4
3
(θ¯ Γρ)α θ¯ Γρ[µψν] . (4.13)
Again these results are subject to change under tensor gauge transformations.
We used (4.1), just as in the evaluation of the remaining component, Bµνρ, which
yields the result
Bµνρ
∣∣∣
θ2
= −3 θ¯ Γ[µν
[
− 1
4
ωˆρ]
rs Γrs + Tρ]
σλκτ Fˆσλκτ
]
θ − 12 θ¯ Γσ[µψν θ¯ Γσψρ] . (4.14)
4.3 Summary of the results
In this subsection we summarize the combined results of this and the previous
section. We first present the expressions for the vielbein and the antisymmetric
tensor field. Subsequently we give the expressions for the superspace transfor-
mations in terms of the component fields and transformation parameters. As the
11-dimensional coordinate transformations act in the standard way, we only list
the superspace parameters corresponding to supersymmetry and local Lorentz
transformations.
At order θ2 we have not fully determined the terms contributing to Eµ
a and
neither did we fully determine the Fˆ θ2-terms in Ξα and Eα
a. Our results are
in agreement with those of [24] in corresponding orders of θ. While high-rank
tensors are of course absent in 4 dimensions, there is a clear similarity between
our results and those in 4 dimensions [23].
4.3.1 Vielbein and tensor field expressions
For the supervielbein EM
A we found the following expressions,
Eµ
r = eµ
r + 2 θ¯ Γrψµ
+θ¯ Γr
[
− 1
4
ωˆµ
stΓst + Tµ
νρσλ Fˆνρσλ
]
θ +O(θ3) ,
Eµ
a = ψµ
a − 1
4
ωˆrsµ (Γrsθ)
a + (Tµ
νρσλθ)a Fˆνρσλ +O(θ2) ,
Eα
r = −(θ¯ Γr)α +O(θ3) ,
Eα
a = δaα +Mα
a +O(θ3) , (4.15)
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whereMα
a characterizes the Fˆ θ2-contributions, which we did not evaluate explic-
itly. Observe that we determined Eµ
a only up to terms of order θ2. The result
for the tensor field BMNP reads as follows,
Bµνρ = Cµνρ − 6 θ¯Γ[µνψρ]
−3 θ¯ Γ[µν
[
− 1
4
ωˆρ]
rs Γrs + Tρ]
σλκτ Fˆσλκτ
]
θ − 12 θ¯ Γσ[µψν θ¯ Γσψρ] +O(θ3) ,
Bµνα = (θ¯ Γµν)α − 83 θ¯ Γρψ[µ (θ¯ Γν]ρ)α + 43(θ¯ Γρ)α θ¯ Γρ[µψν] +O(θ3) ,
Bµαβ = (θ¯ Γµν)(α (θ¯ Γ
ν)β) +O(θ3) ,
Bαβγ = (θ¯Γµν)(α (θ¯Γ
µ)β (θ¯Γ
ν)γ) +O(θ3) . (4.16)
For completeness we included the θ3-term in Bαβγ which is known from the flat-
superspace results.
4.3.2 Supersymmetry transformations
The supersymmetry transformations consistent with the fields specified above,
are generated by superspace diffeomorphisms, local Lorentz transformations and
tensor gauge transformations. The corresponding parameters are as follows. For
the superspace diffeomorphisms are expressed by
Ξµ(ǫ) = θ¯ Γµǫ− θ¯ Γνǫ θ¯ Γµψν +O(θ3) ,
Ξα(ǫ) = ǫα − θ¯ Γµǫ ψαµ
+θ¯ Γνǫ θ¯ Γµψν ψµ
α + 1
4
θ¯ Γνǫ ωˆrsν (Γrsθ)
α + ǫβ Nβ
α +O(θ3) , (4.17)
where Nβ
α encodes the terms proportional to Fˆ θ2. The Lorentz transformation
is given by
Λrs(ǫ) = ǫ¯Γµθ ωˆrsµ +
1
144
θ¯(ΓrsµνρσFˆµνρσ + 24ΓµνFˆ
rsµν)ǫ+O(θ2) . (4.18)
Finally, the tensor gauge transformations are parametrized by
Ξµν(ǫ) = ǫ¯(Cµνρ Γ
ρ + Γµν)θ + θ¯ Γ
ρǫ θ¯(Cµνσ Γ
σ + Γµν)ψρ +
4
3
θ¯ Γρψ[µ θ¯ Γν]ρǫ
+4
3
θ¯ Γρǫ θ¯ Γρ[µψν] +O(θ3) ,
Ξµα(ǫ) =
1
6
θ¯ Γνǫ (θ¯ Γµν)α +
1
6
(θ Γν)α θ¯ Γµνǫ+O(θ3) ,
Ξαβ(ǫ) = O(θ3) . (4.19)
4.3.3 Local Lorentz transformations
Local Lorentz transformations are generated by a superspace local Lorentz trans-
formation combined with a diffeomorphism. The corresponding expressions are
given by
Λrs(λ) = λrs ,
Ξα(λ) = −1
4
λrs(Γrsθ)
α . (4.20)
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5 The supermembrane in background fields
The initial supermembrane action (2.13) is manifestly covariant under inde-
pendent superspace diffeomorphisms, tangent-space Lorentz transformations and
tensor gauge transformations. For the specific superspace fields associated with
11-dimensional on-shell supergravity, this is no longer true and one has to re-
strict oneself to the superspace transformations corresponding to the component
supersymmetry, general-coordinate, local Lorentz and tensor gauge transforma-
tions. When writing (2.13) in components, utilizing the expressions found in
the previous sections, one thus obtains an action that is covariant under the re-
stricted superspace diffeomorphisms (4.17) acting on the superspace coordinates
ZM = (Xµ, θα) (including the spacetime arguments of the background fields)
combined with usual transformations on the component fields (we return to this
point shortly). Note that the result does not constitute an invariance. Rather it
implies that the actions corresponding to two different sets of background fields
that are equivalent by a component gauge transformation, are the same modulo a
reparametrization of the supermembrane embedding coordinates. More precisely,
if we denote the superspace coordinates by φ and the background by G(φ), then
the action satisfies S[φ,G] = S[φ′, G′], where G′ is related to G by a component
supersymmetry transformation. Of course, when considering a background that
is invariant under (a subset of) the component transformations (so that G = G′),
then the action will be invariant under the corresponding change of the superco-
ordinates.
Using the previous results we may now write down the complete action of the
supermembrane coupled to background fields up to order θ2. Direct substitution
leads to the following result for the supervielbein pull-back,
Πri = ∂iX
µ
(
eµ
r + 2 θ¯ Γrψµ − 14 θ¯ Γrstθ ωˆµst + θ¯ ΓrTµνρσλθ Fˆνρσλ
)
+θ¯Γr∂iθ +O(θ3) ,
Πai = ∂iX
µ
(
ψµ
a − 1
4
ωˆrsµ (Γrsθ)
a + (Tµ
νρσλθ)a Fˆνρσλ
)
+∂iθ
a +O(θ2) . (5.1)
Consequently the induced metric is known up to terms of order θ3.
Furthermore the pull-back of the tensor field equals
−1
6
εijkΠAi Π
B
j Π
C
k BCBA = −16εijk∂iZM ∂jZN ∂kZP BPNM =
1
6
dXµνρ
[
Cµνρ − 6 θ¯Γµνψρ + 34 θ¯ ΓrsΓµνθ ωˆρrs
−3 θ¯ ΓµνTρσλκτθ Fˆσλκτ − 12 θ¯Γσµψν θ¯ Γσψρ
]
−εijk θ¯ Γµν∂kθ
[
1
2
∂iX
µ(∂jX
ν + θ¯ Γν∂jθ) +
1
6
θ¯ Γµ∂iθ θ¯ Γ
ν∂jθ
]
+1
3
εijk∂iX
µ ∂jX
ν
[
4 θ¯ Γρµ∂kθ θ¯ Γ
ρψν − 2 θ¯ Γρ∂kθ θ¯ Γρµψν
]
+O(θ3) , (5.2)
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where we have introduced the abbreviation dXµνρ = εijk ∂iX
µ ∂jX
ν ∂kX
ρ for the
world-volume form. Observe that we included also the terms of higher-order θ-
terms that were determined in previous sections and listed in (4.16). We will
return to these terms at the end of this section. The first formula of (5.1) and
(5.2) now determine the supermembrane action (2.13) up to order θ3.
As an illustration of what we stated at the beginning of this section, we
consider the effect of the superspace diffeomorphisms (4.17) on ΠAi . We only
need the variations to first order in θ, so that we substitute Xµ → Xµ + θ¯Γµǫ
and θ → θ + ǫ − θ¯ Γµǫ ψµ into (5.1). For Πri this induces a variation which can
be rewritten as
δΠri = ∂iX
µ
[
δeµ
r + 2θ¯ Γrδψµ
]
− Λrs(ǫ) Πsi +O(θ2) . (5.3)
The first term on the right-hand side represents the change of Πri under the super-
symmetry variations (2.3) of the background fields. The second term represents a
Lorentz transformation whose parameter is given by (4.18). For the induced met-
ric, given by gij = Π
r
i Π
s
j ηrs, the Lorentz transformation drops out, so that the
effect of the coordinate change of (Xµ, θα) is the same as when performing a su-
persymmetry transformation of the background fields. This implies that the first
term in the supermembrane action (2.13) has indeed the required transformation
behaviour.
A similar result holds for the variation of Πai under the coordinate change,
but only in zeroth-order in θ, as we have not determined all the θ2-contributions.
An explicit calculation gives,
δΠai = ∂iX
µ
[
δψaµ − θ¯ Γνǫ ψˆµν
]
+ θ¯ Γµǫ
(
(1
4
ωˆrsµ Γrs − TµνρσλFˆνρσλ) Πi
)a
, (5.4)
where ψˆµν is the supercovariant curl of the gravitino field. As expected, the
terms linear in θ do not exhibit the same systematics. But we do not need
the expression for Πai for the supermembrane action, so that this issue is not of
immediate relevance.
Let us now consider the variation of the second term (5.2) in the supermem-
brane action (2.13). Its variation takes the form
δ
(
− 1
6
εijk ΠAi Π
B
j Π
C
k BCBA
)
= −∂i
[
1
2
εijk ∂jX
µ ∂kX
ν ǫ¯(CµνρΓ
ρ + Γµν)θ
]
+1
6
dXµνρ
[
δCµνρ − 6 θ¯ δ(Γµνψρ)
]
+O(θ2) . (5.5)
To show that all explicit ψ2-terms cancel, we again made use of (4.1). The
above results shows that also for the second term of the supermembrane action,
a supersymmetry coordinate change gives the same effect as a supersymmetry
transformation of the background fields (up to a world-volume surface term which
we will discuss in more detail at the end of this section).
While the above results were guaranteed to hold on the basis of the procedure
followed in sections 3 and 4, the next feature is independent of that and concerns
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the κ-invariance of the action. The κ-symmetry transformations are defined in
the unrestricted superspace and will be given below. In principle, it should be
possible to derive the transformation rules in the gauge-fixed superspace situation
that we are working with. However, it is not necessary to do so, because we are
only interested in establishing the invariance of the action. Both the original and
the gauge-fixed action should be κ-symmetric, so that we can just use the original
superspace diffeomorphisms corresponding to κ-symmetry and substitute them
in the gauge-fixed action. These κ-transformations take the form of superspace
coordinate changes defined by [1]
δZM EM
r = 0 , δZM EM
a = (1− Γ)ab κb , (5.6)
where κa(ζ) is a local fermionic parameter and the matrix Γ is defined by
Γ =
εijk
6
√−g Π
r
i Π
s
j Π
t
k Γrst , (5.7)
with g = det gij. It satisfies the following properties,
Γ2 = 1 , ΓΓrΠ
r
i = Π
r
iΓr Γ =
1
2
gij√−g ε
jklΠrk Π
s
l Γrs . (5.8)
Therefore the matrix (1−Γ) in (5.6) is a projection operator. As a consequence,
this allows one to gauge away half of the θ degrees of freedom.
It is advantageous to expand the κ-transformations (5.6) as follows,
δXµ = κ¯−Γ
µθ − κ¯−Γνθ θ¯ Γµψν +O(θ3) ,
δθ = κ− + ψµ θ¯ Γ
µκ− +O(θ2) , (5.9)
where we have introduced the chiral spinor κ− = (1 − Γ)κ. We stress that we
are not making any approximation in Γ, which depends on the background fields
and on θ in a complicated fashion. Note that we retain the θ2-contributions to
δXµ for reasons that will become clear shortly. Under the variations (5.9) we
then derive the following result,
δΠri = 2 κ¯− Γ
r∂iθ
+Πsi
[
2 κ¯− Γ
rψs − 4 θ¯ Γµψs κ¯− Γrψµ − 12 κ¯− ΓrΓtuθ ωˆstu + κ¯− Γνθ ωˆνrs
+κ¯−(ΓsT
r νρσλ + ΓrTs
νρσλ + 4erνΓs
ρσλ − 4esν Γrρσλ)θ Fˆνρσλ
]
+O(θ2) . (5.10)
Here we rewrote the right-hand side in terms of Πsi , rather than ∂iX
µ. This is
the origin of the explicit ψ2-term; all other explicit ψ2-terms cancel. It is now
straightforward to obtain the κ-variation of the induced metric,
δgij = 4Π
r
(i κ¯− Γ
r∂j)θ
+Πr(i Π
s
j)
[
4 κ¯− Γrψs − 8 θ¯ Γµψs κ¯− Γrψµ
−κ¯− ΓrΓtuθ ωˆstu + 4 κ¯− ΓrTsνρσλθ Fˆνρσλ
]
+O(θ2) . (5.11)
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Subsequently we consider the variation of the second term of the supermem-
brane action(2.13), which yields
δ
(
− 1
6
εijkΠAi Π
B
j Π
C
k BCBA
)
= −εijk Πri Πsj κ¯− Γrs∂kθ
+εijkΠri Π
s
j Π
t
k
[
− κ¯− Γrsψt + 2 θ¯ Γµψt κ¯− Γrsψµ
+1
4
κ¯− ΓrsΓuvθ ωˆ
uv
t − κ¯− ΓrsTtνρσλθ Fˆνρσλ
]
+O(θ2) (5.12)
up to a total derivative which we will discuss shortly. In deriving this result, we
again used (4.1) to reorder the ψ2-terms.
At this point it is rather easy to establish the κ-invariance of the action.
Observing that the variation of the first term in the action is equal to −δ√−g =
−1
2
√−g gij δgij, replacing κ¯− by −κ¯− Γ and making use of the second equation
(5.8), one verifies directly that the variations of the two terms in the Lagrangian
(2.13) vanish under κ-symmetry, up to a surface term.
Hence we have verified that up to first order in θ the supermembrane action
transforms as a scalar under supersymmetry and is invariant under κ-symmetry,
up to a world-volume surface term. Let us stress that at this order no need arose
to make use of the 11-dimensional supergravity field equations in verifying the
κ-symmetry of the action. We expect that this will be necessary at higher orders
as is indicated by the analysis of [1]. In order to check these symmetries at second
order we would have to know the supermembrane action up to third order in θ, as
the supersymmetry as well as the κ-transformation of θ contain terms of zeroth
order in θ.
Finally, let us return to the surface terms that did not receive much attention
earlier when establishing the supersymmetry and the κ-invariance. These terms
are relevant when considering the open supermembrane [35, 36, 37, 38]. As it
turns out, we can easily determine the surface term, including some contributions
of higher order in θ. For κ-symmetry, we observe that all variations proportional
to ∂iκ− must be generated by the surface term. Assuming that κ-symmetry is
valid, the surface contributions can therefore be evaluated by simply collecting all
variations proportional to world-volume derivatives of κ−. Moreover, these terms
can only come from the Wess-Zumino-Witten sector, because the pull-back Πri
does not generate derivatives of κ− owing to the first equation of (5.6).
For supersymmetry, Πri and the Wess-Zumino-Witten term are separately
invariant in the sense explained earlier and surface terms can only come from the
latter. One can thus use the same strategy and collect the variations proportional
to derivatives of the supersymmetry parameter. However, now these terms come
from two sources, namely from ∂iZ
M and from the gravitino terms. To see how
this works, one may compare to the calculation leading to (5.5).
Because we know the variations δXµ to second and δθ to first order in θ for
both supersymmetry and κ-symmetry, we can determine the surface contributions
to order dX ∧ dX θ2 and dX ∧ dθ θ2, while, for κ-symmetry, we also reliably
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calculate those terms of the form dθ∧dθ θ3 which are present in the flat-superspace
case. In this way we find the following results. The surface term associated with
κ-symmetry is given by
∫
∂M
[
dXµ ∧ dXν
[
− 1
2
θ¯(CµνρΓ
ρ + Γµν)κ− − 12 ψ¯σ(CµνρΓρ + Γµν)θ θ¯ Γσκ−
+4
3
ψ¯µ(Γ
ρθ θ¯ Γρν + Γρνθ θ¯ Γ
ρ)κ−
]
+1
2
dXµ ∧ dθ¯
[
Γνθ θ¯ Γµν + Γµνθ θ¯ Γ
ν
]
κ−
+1
6
θ¯ Γµdθ ∧ dθ¯
[
Γνθ θ¯ Γµν + Γµνθ θ¯ Γ
ν + · · ·
]
κ−
]
. (5.13)
After taking into account the gravitino variations as described above, the surface
term associated with supersymmetry can be evaluated and equals
∫
∂M
[
dXµ ∧ dXν
[
1
2
θ¯(CµνρΓ
ρ + Γµν)ǫ+
1
2
ψ¯σ(CµνρΓ
ρ + Γµν)θ θ¯ Γ
σǫ
−2
3
ψ¯µ(Γ
ρθ θ¯ Γρν + Γρνθ θ¯ Γ
ρ)ǫ
]
−1
6
dXµ ∧ dθ¯
[
Γνθ θ¯ Γµν + Γµνθ θ¯ Γ
ν
]
ǫ+ · · ·
]
. (5.14)
Here the terms proportional to dθ ∧ dθ cannot be determined, because the cor-
responding gravitino terms have not been obtained to sufficiently high order of
θ. The background-independent terms in (5.14) coincide with those given by [37]
in the flat-superspace case. This provides another nontrivial verification of the
correctness of our results.
The difference with the corresponding flat-case expressions [36, 37, 38] resides
in the coupling to Cµνρ and ψµ. However, most of the surface terms cancel by
assuming a “membrane D-p-brane” at the boundary and imposing the Dirichlet
conditions
∂‖X
m˜ = 0 , for m˜ = p+ 1, . . . , 10, (5.15)
where ∂‖ defines the world-volume derivative tangential to the boundary surface.
For the fermionic quantities θ, ψm, ǫ and κ− one can impose a projection such
that the only nonzero fermionic bilinears involve a product of an odd number of
gamma matrices Γm, where m = 0, 1, . . . , p. This requires p to take the values
1, 5 or 9 [37, 38]. One is thus left with terms proportional to Cmnq living on the
p-brane at the boundary, which can presumably be dealt with by a deformation
of these fermionic conditions [37]. Of course, these terms are subject to the tensor
gauge transformations of 11-dimensional supergravity. This issue can be resolved
by having additional degrees of freedom at the boundary of the membrane. In this
connection it is relevant to observe that the 11-dimensional supergravity action
itself is also not invariant under tensor gauge transformations in the presence of
a boundary. Some of this has been discussed, for instance, in [11, 36].
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6 Discussion
In this paper we constructed the superspace vielbein and the tensor gauge field
of 11-dimensional on-shell supergravity in terms of its component fields to higher
orders in θ coordinates. This enabled us to write down the 11-dimensional su-
permembrane action coupled to a nontrivial supergravity component-field back-
ground to second order in θ. We then displayed its transformation properties
under supersymmetry and exhibited the invariance of the supermembrane action
under the local fermionic κ-symmetry, yielding an independent check of our su-
perspace results. Furthermore we obtained the leading background-dependent
terms of the surface terms for open supermembranes.
Having this explicit form of the supermembrane action at ones disposal now
opens up a multitude of interesting applications. The most prominent next step
is the study of the supermembrane degrees of freedom in background geometries.
In analogy to the bosonic case discussed in this paper, the light-cone supermem-
brane turns out to be equivalent to a gauge theory of area-preserving diffeomor-
phisms coupled to background fields, modulo corresponding assumptions on the
background geometry. This U(∞) gauge theory may then in turn be regularized
by a supersymmetric U(N) quantum-mechanical model in curved backgrounds.
Whether or not this will shed some light on the problem of formulating matrix
models in curved spacetime remains to be seen. A conceptually better posed
problem concerns perhaps the membrane and the matrix models in a constant
antisymmetric tensor background. Other investigations of the supermembrane
will deal with specific background solutions with a certain amount of residual
supersymmetry. Interesting candidates for such backgrounds are the membrane
[29] and the fivebrane solution [30] of 11-dimensional supergravity, as well as so-
lutions corresponding to the product of Anti-de-Sitter spacetimes with compact
manifolds [19]. Coupling to AdS solutions appears especially appealing in view
of the recent results on the duality of large-N superconformal field theories and
supergravity on a product of AdS space with a compact manifold [39].
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